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Abstract. Let M n (5R) be the matrix ring over an associative ring JJ. In the 
present paper we prove that every inner 2- local derivation on the whole M n (5R) 
is an inner derivation if and only if every inner 2-local derivation on a certain 
subring of Af n (5R) , isomorphic to M2(5R), is an inner derivation. In particular, 
we prove that every inner 2-local derivation on the matrix ring M n (K) over a 
commutative associative ring 5R is an inner derivation. 
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Introduction 

The present paper is devoted to 2-local derivations on associative rings. Recall 
that a 2-local derivation is defined as follows: given a ring 5ft, a map A : 5ft — >• 5ft 
(not additive in general) is called a 2-local derivation if for every x, y G 5ft, there 
exists a derivation D x>y : 5ft — > 5ft such that A(x) = D XtV (x) and A(y) — D XtV (y). 

In 1997, P. Semrl [5] introduced the notion of 2-local derivations and described 
2-local derivations on the algebra B{H) of all bounded linear operators on the 
infinite-dimensional separable Hilbert space H. A similar description for the finite- 
dimensional case appeared later in [3 . In the paper [4] 2-local derivations have 
been described on matrix algebras over finite-dimensional division rings. In [2] 
the authors suggested a new technique and have generalized the above mentioned 
results of [5] and [3] for arbitrary Hilbert spaces. Namely they considered 2-local 
derivations on the algebra B(H) of all linear bounded operators on an arbitrary (no 
separability is assumed) Hilbert space H and proved that every 2-local derivation 
on B(H) is a derivation. In [1] we extended the above results and give a short proof 
of the theorem for arbitrary semi-finite von Neumann algebras. 

In this article we develop an algebraic approach to the investigation of derivations 
and 2-local derivations on associative rings. Since we consider a sufficiently general 
case of associative rings we restrict our attention only on inner derivations and 
inner 2-local derivations. Namely, we consider the following problem: if an inner 
2-local derivation on an associative ring is a derivation then is the latter derivation 
inner? The answer to this question is affirmative if the ring is generated by two 
elements (Proposition 10). 

In this article we consider 2-local derivations on the matrix ring M„(5ft) over an 
associative ring 5ft. The first step of the investigation consists of proving that, if 
every inner 2-local derivation on a certain subring of the ring M„(5R), isomorphic to 
M2(5R), is an inner derivation then every inner 2-local derivation on the whole ring 



Date: February 18, 2013. 

Key words and phrases, derivation, inner derivation, 2-local derivation, matrix ring over an 
associative ring. 

1 



2 



SHAVKAT AYUPOV AND FARKHAD ARZIKULOV 



M„(5R) is also an inner derivation. In the case of a commutative associative ring 
5ft we prove that arbitrary inner 2-local derivation on M„(5ft) is an inner deriva- 
tion. The latter result extends the result of [3] to the infinite dimensional but 
commutative ring 5ft. 

The second step consists of proving that if every inner 2-local derivation on 
M„(5R) is an inner derivation then each inner 2-local derivation on a certain subring 
of the matrix ring M„(5ft), isomorphic to M2(5ft), is also an inner derivation. 

1. 2-LOCAL DERIVATIONS ON MATRIX RINGS 

Let 5ft be a ring. Recall that a map D : 5ft — > 5ft is called a derivation, if 
D(x + y) — D{x) + D(y) and D(xy) — D{x)y + xD(y) for any two elements x, 
y 6 5ft. A derivation D on a ring 5ft is called an inner derivation, if there exists an 
element a £ 5ft such that 

D(x) = ax — xa, x E A. 

A map A : 5ft — > 5ft is called a 2-local derivation, if for any two elements x, y £ 5ft 
there exists a derivation D x>y : 5ft — » 5ft such that A(x) — D x ^ y (x), A(y) = D x ^ y (y). 

A map A : 5ft — > 5ft is called an inner 2-local derivation, if for any two elements 
x, y G 5ft there exists an element a G 5ft such that A(a;) = ax — xa, A(y) = ay — ya. 

Let 5ft be an associative unital ring, Af„(5ft), n > 1, be the matrix ring over the 
associative ring 5ft. Let M2(5ft) be a subring of M„(5ft), generated by the subsets 
{eiiM n+ i(JR.)ejj}^j =1 in M„(5ft). It is clear that 

M 2 (5R) S M a (»). 
The following theorem is the main result of the paper. 

Theorem 1. Let 5ft be an associative unital ring, and let M ra (5ft) be the matrix 
ring over 5ft, n > 1 . Then 

1) every inner 2-local derivation on the matrix ring M„(5ft) is an inner deriva- 
tion if and only if every inner 2-local derivation on its subring M2(5ft) is an inner 
derivation, 

2) if the ring 5ft is commutative then every inner 2-local derivation on the matrix 
ring Af„(5ft) is an inner derivation 

First let us prove lemmata and propositions which are necessary for the proof of 
theorem 1. 

Let 5ft be an associative unital ring, and let {&ijYlj—\ be the set of matrix units in 
Af„(5R) such that isanx 7i-dimensional matrix in M„(5ft), i.e. = (cifci)fc l=1 , 
the (i,j)-th component of which is 1 (the unit of 5ft), i.e. ay = 1, and the rest 
components are zeros. 

Let A : M„(5ft) — » M n (5ft) be an inner 2-local derivation. Consider the subset 
{a(«i)}"j=i C M„(5ft) such that 

A(ey) = a(ij)e tJ - e y o(y). 

Put aij = eaa(ji)ejj, for all pairs of different indices i, j and let {aki}k^ii be the 
set of all such elements. 

Lemma 2. Let A : M„(5ft) — > M„(5R) be an inner 2-local derivation. Then for 
any pair i, j of different indices the following equality holds 

A{eij) = {aki}k=iieij - eij{au}k^i + a(ij)ueij - eija(ij)jj, (1) 
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where a(ij)u, a(ij)jj are components of the matrices eua(ij)eu, ejja{ij)ejj . 

Proof. Let m be an arbitrary index different from i, j and let a(ij,ik) € M„(3?) 
be an element such that 

A(e im ) = a{ij,im)e lm - e im a(ij,im) and A(e;j) = a(ij,im)eij - e l0 a(ij,im). 

We have 

A(e im ) = a(ij,im)e im - e im a(ij,im) = a(im)e im - e im a(im) 

and 

^mm^iij \ ilTl)€ij — e mrn Cl(il7l)eij . 

Then 

&mm&('iji'i'Tn)€ij e rnra (i(im')eij e mra eij{(iki\k^i&jj 

^mm^mi^ij &mm&ij {&kl} k^l&jj — ^mm{flfcl} k^l&ij &mm&ij{&kl} k^l&jj 

e m m({aki}k^ieij - eij{aki}k^i)e lr 

Similarly, 

&rnrn®'{f'j-)i''ffl)&ij&ii e mm {o,kl } k^£l &ij ^mm^-ij {&kl } k^l &ii — 

emmiiakijk^ieij - eij{a k i}k=£i)eii- 
Let a(ij,mj) e M„(5R) be an element such that 

A(e mj ) = a(ij,mj)e mj - e mj a(ij,mj) and A(e y ) = a(ij,mj)eij - e tJ a(ij 7 mj). 

We have 

A(e„ y ) = a(ij,mj)e mj - e mj a(ij,mj) = a{mj)e m:j - e mo a(mj). 

and 

eijQ^ij , Tnj^)e mra = eijCL(Tnj^e mrn . 

Then 

^ii^(^ij)^mm — 77lj^)Cij Cijd{%j^ TTlj^C mrn — 

" , Tflj^C mrn — Gijd^TTlj^Cjjim — Cij&jmCmjn 

eu({aki}k^iGij - eij{aki}k^i)e m m- 

Also we have 

eiiA(eij)eu = eu(a(ij)eij - eija(ij))eu = 

6ii{&kl}k^l£ij£ii ^-ij{^kl\ k^l^ii 
^jj{.^kl}ky^l^ij ' ^jj^ij\^^kl\k^l^jj 
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ejj{{aki}kjtieij - eij{aki}kjti)ejj. 

Thus 

n 

A ( e ij) = X! e fefe A ( e u) e « = 
k,l=l 

n 

^ efefe({(Xfe;}fe 7 t;ejj - e l3 {a k i\ k ^{)e u + e li A(e i j)e J: j = 
fc,i=i 

{aw}fc^e»j - eij{au}kjti + a{ij)ueij - e^a^j)^. 
The proof is complete. > 

Consider the element 2 = X}£=i e »,»+i- For arbitrary different indices i and j 
there exists an element c € M„(A) such that 

A(ejj) = cey — ejj-c and A(x) = cx — xc. 
Let c = Y^!ij=i °ij be tne Pi erce decomposition of c, ajj = cu for any i and a — 

En 
ij=l a ij- 

Lemma 3. Let A : M„(5R) — > M„(5ft) fee an inner 2-local derivation. Suppose 
that the ring is commutative and k, I are arbitrary different indices. IfbG M„(3?) 
is an element such that 

A(efej) = beki — e k ib and A(x) = bx — xb 

then Ckk - cu = b kk - bu . 

Proof. We can suppose that k < I. We have 

A(x) = ex — xc = bx — xb. 

Hence 

e kk {cx - xc)e k+1 . k+1 = e kk (bx - xb)e k+ i,k+i 

and 

Cfefe — Ck+l,k+l = °kk — bk+l,k+l- 

Then for the sequence 

(ft,fc + l),(fc + l,fc + 2)(/-l,i) 

we have 

Cfefe - Cfe+l.fe+l = b kk - bk+l,k+l, Cfe+l,fe+l - Cfe +2j fe+2 = &fe+l,fe+l - &fe+2,fe+2, • • • 

cj-1,1-1 - c« = - 

Hence 

Cfefe - &fefe = Cfe+l^+l - 6fc+l,/s+l, Cfc+l,fc+l - &fe+l,fe+l = Cfe +2 ,fe+2 - &fe+2,fe+2, ■ • • 

ci-i,i-i - = c« - b«. 

Therefore c k k - hk = c u - bu, i.e. c kk - c u = b kk - b u . The proof is complete. > 

Proposition 4. Let A : M n (SR) — >• M„(3i) be an inner 2-local derivation, n > 1. 
T/ien 

-Zj if every inner 2-local derivation on the ring M 2 ($i) is an inner derivation then 
every inner 2-local derivation on M n (5ft) is an inner derivation. 

2) if the ring !ft is commutative then every inner 2-local derivation on M„(5ft) is 
an inner derivation. 



2-LOCAL DERIVATIONS ON MATRIX RINGS 5 

Proof. Let x be a symmetric matrix in M„(5R) and let d(ij) G M n (SR) be an 
element such that 

A(ejj) = d(ij)eij - eijd(ij) and A(x) = - xd(ij) 

and i ^ j- Then by Lemma 2 

A(eij) = d(ij)eij - e tJ d{ij) = 

eud(ij)eij - eijd(ij)ejj + (1 - e u )d(ij)e tj - e tj d{ij){l - ejj) = 

a(ij)ueij - e l3 a(ii)jj + {a fe/ } fe ^e y - - eij{a k i}kjti 

for all i, j. 

Since eud(ij)eij — eijd(ij)ejj = a(ij)aeij — eija(ij)jj we have 

(1 - eu)d{ij)eu = {a k i}k&eu,ejjd(ij)(l - e J3 ) = ejj{a k i}k?i 

for all different i and j. 

Hence by lemma 3 we have 

ejjA(x)eu = ejj(d(ij)x - xd(ij))e li = 

CjjC^(?'j)(l Cjj^jxCa ~\~ Gjjd^lJ^GjjXCn Gjjx{\ ^ii)d{ij^Gii GjjXGad^ZJ^Ga - 
^jjl^klfk^l^^-ii ^jj^\j^kl\ k^l&ii H~ ^jjd^zj^GjjXGn GjjXGadiij^Ga. 

Similarly 

eu{ahi}bjtixejj ~ eux{aki}k^ie 0J + eud{ij)euxe 0J - euxejjd(ij)ejj. 
Also, we have 

e ii A(x)e ii = e u (d(ij)x - xd(ij))e u = 
eud(ij)(l - eu)xeu + eud(ij)enxeu - eux(l - eu)d(ij)eu - euxeud(ij)eii = 

6ii\Q>klJk^l%6ii &ii%{®kl} k^l&ii "i" &iid{ij}cnX&ii caxead^ij^ea 

and 

e jj A(x)e jj = e j:i (d(ij)x - xd(ij))ejj = 
e jj{ a ki}k^i xe jj ~ e jj x { a ki}k^£i e jj + e jjd{ij)EjjXejj — ejjXejjd(ij)ejj. 
Now in both cases 1) and 2) we have 



Cad^ZJ^CiiXCii 


CnX&iid(zj^Gii 


— CiiCiiXGa 


GiiXGiiCa , 




' ejjxejjd{ij)ejj 


~ C 33 e 33 Xe 33 


— €.jjXGjjCjj^ 


^33 ^i^J ) ^33 x ^ii 


- ejjxeud(ij)eu 


~ C 33 e jj Xe H 




Giid^ZJ^CaXGjj 


— CaXCjjd^ZJ^Cjj 


— CiiGnXGjj 


— GaXGjjCjj. 



Hence 

A(a;) = c u) x - X (Y1 + i a ki}k^i x ~ x{a M } k -Li = 

i i 

ax — xa 

for all x e M„(3?). The proof is complete. > 
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2. Extension of derivations and 2-local derivations 

Proposition 5. Let M 2 (5ft) be the matrix ring over a unital associative ring 5ft 
and let D : enM 2 (5ft)en — > eiiM 2 (5ft)en be a derivation on the subring enM2(Sft)en. 
Then, if <fi : enM 2 (?Si)eii — > e 22 M 2 ($l)e 22 is an isomorphism defined as <fi{a) = 
e2iaei2, a G enM2(S)eu i/ien the map defined by the following conditions 

1) D(a) = D(a), a e eiiM 2 (K)en J 

2) D{a) = (f>o D ojy-^a), a G e22M 2 (5R)e22 7 

3) D(e 12 ) = e 12 , D(e 2 i) = -e 2 i, 

4) D(a) = D(ae 2 i)ei2 + ae 21 D(ei 2 ), a G eiiM 2 (5ft)e22, 
Z)(a) = D{e 2 \)e\ 2 a + e 2 \D(ei 2 a), a G e 2 2M 2 (5ft)eii ; 

tfj D(a) = £)(enaen) + D(euae 22 ) + D(e 22 aen) + D(e 22 ae 22 ), a G M 2 (5ft), 
is a derivation. 

Proof. For every a G M 2 (5ft) the value Z?(a) is uniquely denned. Therefore D is 
a map. 

It is clear that D is additive. Now we will prove that D(ab) = D(a)b + aD(b) 
for arbitrary elements a, b G M2(5ft). 

Let ai — enaen, a\ 2 = enae 22 , a 2 i = e 22 aen, a 2 = e 22 ae 22 , bi = en&en, 
b\ 2 = enbe 22 , b 2 \ = e 22 beu, b 2 = e 22 be 22l D 1 = <po D o cfy^ 1 for arbitrary elements 
a, b G M 2 (Sft). Then we have the following Pierce decompositions of the elements a 
and 6 

a = a x + ai2 + a 2 i + a 2 , = h + b X2 + b 21 + b 2 . 
The following equalities hold 

D(ai6i) = I>(ai6i), 
D( ai b 2 ) = D(0) = = D( ai )b 2 + ai D(b 2 ), 
D(aib 12 ) = D(aib 12 e 2 i)e 12 + aib 12 e 21 D(ei 2 ) = 
D{ai)b 12 + aiD(bi 2 e 2 i)ei 2 + aib 12 e 21 D(e 12 ) = 
D(a 1 )b 12 + a 1 (D(b 12 e 21 )e 12 + b 12 e 21 D(e 12 )) = L>(ai)foi 2 + aiL>(&i 2 ) = 
D( ai )b 12 + ai D(b 12 ), 
D( ai b 21 ) = 5(0) = = a 1 {D{e 21 )e 12 b 21 + e 21 D(e 12 b 21 )) = 
ai D(b 21 ) = D( ai )b 21 + ai D(b 21 ) = D( ai )b 21 + ai D(b 21 ), 
D(a 2 &i) = D(a 2 )h + a 2 D(h) = D(a 2 )b 1 + a 2 £>(&i) = 0, 
■D(ai2&i) = 5(0) = = (D(a 12 e 21 )e 12 + a 12 e 21 D(e 12 ))b 1 = 
D(ai 2 )6i = D(a 12 )h + a 12 D(h) = D(a 12 )h + a 12 D(h). 

Also, since 

D(e 12 )a 12 + e 12 D(a 21 ) = e 12 a 21 + e 12 (D(e 21 )e 21 a 21 + e 21 D(e 12 a 21 )) = 
e\ 2 a 2 i - ei 2 e 2 iei 2 a 2 i + e\ 2 e 2 \D{e 12 a 2 \) = D{e 12 a 2 i) 

we have 

D(a 21 b 1 ) = D(e 21 )ei 2 a 2 ibi + e 2 iD(ei 2 a 21 bi) = 
-a 21 bi + e 21 (D(ei 2 a 21 )bi + ei 2 a 2 iD(bx)) = 
-a 2 i&i + e 2 \D{ei 2 a 2 i)bi + a 2 iD(bi) = 
-a 21 bi + e 21 {D{ei 2 )a 21 + ei 2 i)(a2i))&i + a 2 i-D(&i) = 
-a 21 bi + a 2 ibi + e 22 D{a 2 \)b 1 + a 2 iD(bi) = 
e 22 D(a 2 i)bi + a 2 iD(bi) = D(a 2 i)h + a 2 iD(bi) 
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by condition 5). Similarly we have 

5(021612) = 5^(021612621612) = 
5- L (a2iei2)e 2 i6i2 + a2iei 2 5- L (e2i6i 2 ) = 
5^(621612021612)621612 + a2iei 2 5- L (e2i6i 2 e2iei2) = 
<j> o £>(ei2a 2 i)e2i6i2 + a 2iei2</> ° £'(612621) = 
e2i£ , (ei202i)ei2e2i6i2 + a 2 iei2e2il?(6i2e2i)ei2 = 
e2i-D(ei202i)6i2 - 021612 + 021612 + a 2 \D(b\ 2 e 2 \)e\ 2 = 
e 2 \D(e 12 a 21 )b 12 + 5(e 2 i)ei 2 a2i6i2 + a2i6i 2 e2i5(ei2) + 02iD(6i2e 2 i)ei 2 = 
5(e 2 i J D(ei 2 a2i) + 5(e2i)ei2a 2 i)6i2 + a 2 i(6i2e2i5(ei 2 ) + D(b 12 e 21 )e 12 ) = 

5(a 2 i)6i2 + a 2 i5(6i 2 ) 

and 

5(ai262i) = 5(012)621 + ai 2 5(6 2 i). 
By conditions 4) and 5) above the following equalities hold 

5(ai 2 6i 2 ) = 5(oi 2 )6i2 + ai 2 5(6i 2 ) = 0, 
5(o 2 i6 2 i) = 5(a 2 i)6 2 i + a 2 i5(6 2 i) = 0. 
By these equalities we have 

5(o6) = 5((oi + 012 + 021 + o 2 ) (61 + 612 + 621 + 6 2 )) = 
5(oi6i) + 5(oi6i 2 ) + 5(oi6 2 i) + 5(oi6 2 ) + 5(oi 2 6i) + . . . 
+5(o 2 6 2 i) + 5(o 2 6 2 ) = 5(o)6 + o5(6). 
Hence, the map 5 is a derivation and it is an extension of the derivation D on the 
ring M 2 ($l). The proof is complete. > 

Let M m (Jt) be a subring of M n (5R), m < n, generated by the subsets {euM n ^Si)ejj}^j =1 
in M„(5R). It is clear that 

M m (5R) £* M m (K). 

Proposition 6. Let 6e an associative ring, and let M n (JR) be a matrix ring 
over K ; n > 2. Then every derivation on M 2 (%1) can be extended to a derivation 
on M„(5ft). 

Proof. By proposition 5 every derivation on M 2 (%1) can be extended to a deriva- 
tion on Mi(JR). In its turn, every derivation on Mi(JR) can be extended to a deriva- 
tion on MsQR) and so on. Thus every derivation d on M 2 (JR) can be extended to a 
derivation D on M 2 fc(5ft). Suppose that n < 2 k . Let e = X)"=i eii an d 

5(a) = eD{a)e,a G M„(K). 

Then_5 : M„(3l) -> M„(5R) and 5 is a derivation on M„(K). Indeed, it is clear 
that 5 is a linear map. At the same time, for all a, 6 G M„(5R) we have 

L>(o6) = eD(ab)e = e(D(a)b + aD(b))e = 

eD(a)be + eaD(b)e = eD(a)eb + aeD(b)e = 5(a)6 + a5(6). 
Hence, 5 : M„(3i) — > M n (3?) is a derivation. At the same time, on the subalge- 
bra M 2 (5R) the derivation 5 coincides with the derivation d. Therefore, 5 is an 
extension of d to M„(5R). > 

Thus, in the case of the ring M 2 ($i) for any derivation on the subring eiiM2(5R)en 
we can take its extension onto the whole M 2 (SR) defined as in proposition 5, which 
is also a derivation. 
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In proposition 7 we take the extensions of derivations denned as in proposition 

5. 

Proposition 7. Let M 2 (5R) be the matrix ring over a unital associative ring 
5ft and let A : enM 2 (5ft)en — >• eii-M 2 (5ft)en be a 2-local derivation on the subring 
enM 2 (Sft)en. Then, if <f> : enM 2 (S)en — > e 22 M 2 (5ft)e 22 is an isomorphism defined 
as <p(a) = e 2 iaei 2; a £ en-M 2 (5ft)en then the map y defined by the following 
conditions is a 2-local derivation: 

1) v(o) = A(a) if a £ e 11 M 2 ($t)e 11 , 

2) y(a) =^oAof 1 (a) if a e e 22 M 2 (5ft)e 22 , 
5j V( e i2) = ei2, V( e 2i) = -e 2 i, 

^ y (a) = A(ae 2 i)ei 2 + ae 2i y ( e i2) «/ a e enM 2 (5ft)e 22; 
5) y(a) = V( e 2i)ei2a + e 2 iA(ei 2 a) if a € e 22 M 2 (5ft)en, 

y(a) = £>(euaeii) + D(enae 22 ) + L>(e 22 aen) + D(e 22 ae 22 ), 

a e M 2 (5i), where, if enaen ^ i/ien D is i/ie extension of the derivation D on 
enM 2 (Sft)en smc/i i/iat 

A(enoen) = D(enaen), 

if e\\ae\\ = and e 22 ae 22 7^ iften D is the extension of the derivation D on 
enM 2 (5ft)en such that 

A(ei 2 e 22 ae 22 e 2 i) = -D(ei 2 e 22 ae 22 e 2 i), 

if enaen = e 22 ae 22 = and enae 22 7^ £/ien l) is the extension of the derivation 
D on enM 2 (5ft)en such that 

A(enae 22 e 2 i) = £>(enae 22 e 2 i), 

if enaen = e 22 ae 22 = enae 22 = and e 22 aen 7^ t/ien D is the extension of the 
derivation D on enM 2 (Sft)en such that 

A(ei 2 e 22 aen) = £>(ei 2 e 22 aen). 

Proof. It is clear that, if a € eiiM 2 (Sft)en then the value y(a) defined in the case 
1) coincides with the value y(a) defined in the case 6). Similarly, if a G e 22 M 2 (5ft)e 22 
then the value y(a) defined in the case 2) coincides with the value of v( a ) defined 
in the case 6) and so on. Hence y is a correctly defined map. 

Now we should prove that y is a 2-local derivation. Let a, b be arbitrary 
elements of the algebra M 2 (5ft). Suppose that enaen 7^ 0, en&en 7^ 0. Then by 
the definition there exists a derivation D on enM 2 (5ft)en such that 

A (a) = D(enaeii) and A(6) = £>(en&en). 

Let D be the extension of the derivation D satisfying the conditions of the propo- 
sition 5. Hence 

y(a) = D(a) and y (6) = D(b) 

by the definition of the map y. 

Now suppose that enaen — 0, e 22 ae 22 7^ and en&en 7^ 0. Then by the 
definition there exists a derivation D on enM 2 (5ft)en such that 

A(a) = £>(ei 2 e 22 ae 22 e 2 i) and A(6) = D(en&en). 
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Let D be the extension of the derivation D satisfying the conditions of the propo- 
sition 5. Hence 

y(a) = D(a) and y (b) = D(b) 
and so on. In all cases there exists a derivation D such that 

y(o) = D(a) and y (b) = D(b) 

Since a, b are arbitrary elements in M 2 (5ft) we have y is a 2- local derivation. > 
Proposition 8. Let 5ft be an associative ring, and let M„(9t) &e a matrix ring 
over $1, n> 2. Then every 2-local derivation on M 2 (5ft) can be extended to a 2-local 
derivation on M n (5ft). 

Proof. By proposition 7 every 2-local derivation on M 2 (5?) can be extended to a 
2-local derivation on M^Sft). In its turn, every 2-local derivation on M^tfl) can be 
extended to a 2-local derivation on Mg(5ft) and so on. Thus every 2-local derivation 
A on M 2 (5ft) can be extended to a 2-local derivation A on M 2 fc(5ft). Suppose that 
n <2 k . Let e = Y^i=i e a anc ^ 

y(a) = eA(a)e, a G M n (3t). 

Then y : M„(9?) -> M„(5R) and y is a 2-local derivation on M„(5ft). Indeed, it 
is clear that y is a map. At the same time, for all a, b £ M„(5ft) there exists a 
derivation D : M 2 k (3?) -> M 2fc (31) such that 

A(a) = D(a),A(b) = D(b). 

Then 

V(o) =eD(a)e,v(b) = eD(b)e. 
By the proof of proposition 6 the map 

D(a) = eD(a)e,a G M„(3?) 

is a derivation and 

y(a) = D(a),y(&) = 5(&). 
Hence, y : M n (3?) — > M n (3?) is a 2-local derivation. 

At the same time, on the subalgebra M 2 (3?) the 2-local derivation y coincides 
with the 2-local derivation A. Therefore, y is an extension of A to M n (3?). > 

Proposition 9. Let 5ft be an associative unital ring, and let M n ($t), n > 1, be 
the matrix ring over 5ft. Then, if every inner 2-local derivation on the matrix ring 
M„(5ft) is an inner derivation then every inner 2-local derivation on the ring M 2 (Sft) 
is an inner derivation. 

Proof. Let A be a 2-local derivation on M 2 (Sft). Then by proposition 8 A is 
extended to a 2-local derivation A on M„(Sft). By the condition A is an inner 
derivation, i.e. there exists d £ M n (Sft) such that 

A(a) =da-ad,a£ M„(5ft). 

But A|m 2 (5 R ) = A. Hence 

A(a) = da - ad £ M 2 (5ft) 

for all a £ M 2 (K), i.e. 

(en + e 22 )(da - ad)(en + e 22 ) = da - ad, 

and da — ad = ca — ac for all a £ M 2 (5ft), where c = (en + e 22 )rf(en + e 22 ). Since 
c £ M 2 (5ft), we have that A is an inner derivation. The proof is complete. > 
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Proof of theorem 1. Propositions 4 and 9 immediately imply theoreml. 

i> 

We conclude the paper by the following more general observation. 

Proposition 10. Let A : 5R — > 5ft be an inner 2-local derivation on an associative 
ring 5ft. Suppose that 5ft is generated by its two elements. Then, if A is additive 
then it is an inner derivation. 

Proof. Let x, y be generators of 5ft, i.e. 5ft = Alg({x, y}), where Alg({x,y}) is 
an associative ring, generated by the elements x, y in 5ft. We have that there exists 
d e 5ft such that 

A(x) = [d,x],A(y) = [d,y], 
where [d, a] = da — ad for any a _ 5ft. 
Hence by the additivity of A we have 

A(x + y) = A(x) + A(y) = [d,x + y]. 

Note that 

A(xy) = A(x)y + xA(y) = [d, x]y + x[d, y] = [d, xy] , 
A(x 2 ) = A(x)x + xA(x) = [d, x]x + x[d, x] = [d, x 2 ], 

My 2 ) = My)y + yMy) = [d, y]y + y[d, y] = [d, y% 

Similarly 

A(x k ) = [d,x%A(y m ) = [d,y m ],A(x k y m ) = [d,x k y m ] 

and 

A(x k y m x l ) = A(x k y m )x l +x k y m A(x l ) = [d, x k y m ]x l + x k y m [d, x 1 } = [d,x k y m x 1 ]. 

Finally, for every polynomial p(x\, X2, ■ • ■ , x m ) £ 5ft, where x\, X2, ■ ■ ■ , x m G {x, y} 
we have 

A(p(xi,x 2 , ■ ■ ■ ,x m )) = [d,p(xi,x 2 , ■ • • ,x m )], 
i.e. A is an inner derivation on 5ft. i> 
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